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t~i ' Abstract 

-)— » ' 

<^ . 

We define a Tanaka's equation on an oriented graph with two edges and two vertices. This 

graph will be embedded in the unit circle. Extending this equation to flows of kernels, we show 

, that the laws of the flows of kernels K solution of Tanaka's equation can be classified by pairs 

OO ' of probability measures {jn'^,m~) on [0, 1], with mean 1/2. What happens at the first vertex is 

f^ I governed by tti"*", and at the second by m~ . For each vertex P, we construct a sequence of stopping 



times along which the image of the whole circle by K is reduced to P. We also prove that the 

m 

f^ I supports of these fiows contains a finite number of points, and that except for some particular cases 



this number of points can be arbitrarily large. 

1 Introduction and main results 

Consider Tanaka's equation 

(Ps,t{x)=x+ sgn{(ps, u{x))dWu, s<t,xeM., (1) 

J s 

where {Wt)t£R is a Brovi^nian motion on R (that is {Wt)t>o and {W-t)t>o are two independent standard 
Brownian motions) and 99 is a stochastic flow of mappings (see [6] for a precise deflnition). In [7], 
Le Jan and Raimond have extended ([1]) to kernels: if X is a stochastic flow of kernels (see [6]) and 
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ly is a Brownian motion on M, then (K, W) is said to solve Tanaka's equation if and only if for all 
s < t, X G M, / G C|(M) (/ is C^ on R and /', /" are bounded), a.s. 

Ks,tfi^) = fix) + I Ks,u{fsgn){x)dWu + \j Ks,uf"{x)du. (2) 

The main result of [7] is a one-to-one correspondence between probability measures m on [0, 1] with 
mean ^ and laws of solutions to ([2]). Denote by P"*, the law of the solution {K, W) associated to m. 
Then 

where Ws,t = Wt-Ws, W^^ = Wt - inf Wu = Ws,t - inf Ws,u, 

' ue[s,t] ue[s,t] 

Ts,x = inf{t > s : Ws^t = -\x\} 

and where Us^t is independent of W, with law m. In particular, when m = 6i, then Ug^t = 2 a.nd K 
is cj(VF)-measurable; this is also the unique (j(VF)-measurable solution of ([2]). For m = 2(60 + 61), 
we recover the unique flow of mappings solving ([T|) which was firstly introduced in [9]. In [2], a 
more general Tanaka's equation has been defined on a graph related to Walsh's Brownian motion. In 
this work, we deal with another simple oriented graph with two edges and two vertices that will be 
embedded in the unit circle 'rf = {z £ C : \z\ =1}. 
A function / defined on ^ is said to be derivable in zq £ ^ if 

f (zo) := hm 

exists. Let C^(^) be the space of all functions / defined on 'tf having first and second continuous 
derivatives /' and /". Let V{'tf) be the space of all probability measures on 'tf and (/n)neN be a 
sequence of functions dense in {/ G C('^), ||/||oo < !}• We equip V(^) with the following distance d 

and its associated Borel cr-field: 

1 

d{f,, u) = [ J^ 2-" (jfnd^i - I fndA J with fi,u€ V{^). (3) 

In the following, arg(z) G [0,27r[ denotes the argument of z G C and in all the paper / is a fixed 
parameter in ]0, vr]. Define for 2; G '^, 

«^(^) = l{arg(^)g[0,«]} " l{arg(2)G]/,27r[} 

and denote by ^i (or simply by ^ since / will not vary) the graph embedded in ^ with two vertices 
1 and e and two edges 'lo'^ = {z ^'lo : arg{z) g]0, /[} and ^~ ='^\ '^^ with orientation given by e 
(see Figure 1 below). 




Figure 1: The graph ^. 

Definition 1. On a probability space {il.,A,¥), let W be a Brownian motion on M and K be a 
stochastic flow of kernels on '^ . We say that {K^W) solves Tanaka's equation on '^ denoted (T^) i/ 
for alls<t,f € C^{'rf),x G ^, as. 

Ks,tf{x) = fix) + f Ks,uief'){x)dWu + \j Ks,uf"{x)du. (4) 

If {K, W) is a solution of (IV) and K = S^p with Lp a stochastic flow of mappings, we simply say that 
{if, W) solves {T^ff). 

If {K,W) is a solution of (TV)) then following Lemma 3.1 of [7], we have a(W) C cy{K) (see Lemma 
m (ii) below). So we will simply say that K solves (TV). 

In this paper, given two probability measures on [0, 1], m+ and m~ with mean 2, we construct a flow 
j^m ,m gQiut;ion of (Tc^). Let {K'^,K~ ,W) be such that given W, K^ and K~ are independent and 
{K^, ^W) has for law P™ . The flows K^ and K'^ provide the additional randomness when K^ '"* 
passes through 1 or e . Away from these two points, K"^ '™ just follows W on "lo^ and —W on '^~ . 
We now state our first result. 

Theorem 1. (1) Let m~^ and m~ be two probability measures on [0, 1] satisfying 

/ u m~^{du) = u m~{du) = -. (5) 

JQ Jo 2 

There exists a stochastic flow of kernels (unique in law) K^ '"* and a Brownian motion W on M 
such that (K™+.'^" , W) solves (7^^) and such that ifW^^ = Wt - inf Wu, W'^ = sup Wu - Wt and 

ue[s,t] ' u£[s,t] 

Ps = mf{t>s, supiW^„W-,) = l}, 



then conditionally to {s < t < ps}, a.s. 



<t'"^"(i) = utA.,uwt.) + i^-Kt)^ 



cxp(iiy+i) "T v^ ^s.ty^cxpC-iW'+j' 



and conditionally to {s < t < ps}, {U^^, U~i) is independent of W and has for law m^ (8> 'ni~ . 

(2) For all K solution of {T^g), there exists a unique pair of probability measures {m~^,m~) satisfying 

1^ such that K ^= K™+.'"" . 

The version (ET"* '"* , W) of the solution of (TV) defined in Theorem [T] (1), and constructed in section 
2, satisfies Proposition [1] and Proposition [2] below. For all — oo < s <t< +oo, let 

J'Z = <^n,v, S<U<V<t). (6) 

Proposition 1. (1) There exists an increasing sequence {Sk)k>i of {J-Q)-)t>o- stopping times such that 
a.s. linifc^oo Sk = +oo and K^g '"* (z) = S^u for all z £ 'tf and all k > 1. 

(2) There exists an increasing sequence {Tf:)k>i of {F^^)t>o-stopping times such that a.s. Imik^^T]^ = 
+00 and K^rp'^ (z) = 5i for all z £ 'if and all k >1. 

The second proposition shows that the support of K"^ '"* may contain an arbitrary large number 
of points with positive probability (more informations can be found in Section [5|) . 

Proposition 2. Asumme that m^ and m~ are both distinct from i^i^Q + <^i)- Then there exists a 
sequence of events {Cn)n>o o.nd a sequence of {FQ^^)t>o- stopping times {cr„)n>o such that for all n > 0, 

(i) P(C„) > 0, 

(a) Card supp \K^a^ (1) ) = n + 1 a.s. on Cn- 

We also mention that all the sequences of stopping times discussed in the previous two propositions 
will be constructed independently of (m^ ,m~). They take values in {pn,n G N} where po = and 
Pn+i = mi{t > pn, sup{W+^t, W-^^t) = 1} for n > 0. Set, for z G <(f , 



^n = supp (^X^^"^'™ (z)) 



where m"*" and m~ are distinct from \{5q + 5i). Then {Xn)n is a strong Markov chain on E = Ufc>i'^ . 
Proposition [1] asserts that {1} and {e } are recurrent for this chain. Proposition [2] asserts that for all 
n > 0, both {1} and {e } communicate with ^"''^^. So one can deduce the following immediate 



Corollary 1. For all n > 0, '^""'"^ is a recurrent set for X (i.e. a.s. Vn > 0, X/^ £ 'j^"+^ for infinetly 
many k). 

The paper is organized as follows. In Section 2, we prove the first part of Theorem [TJ The proof 
of the second part will be the subject of Section 3. In Section 4, we prove Proposition [TJ Section 5 
gives some informations about the support of K"^ '"^ and proves Proposition [2l 

2 Construction of flows associated to (7^) 

Fix two probability measures m~^ and m~ on [0, 1] with mean 2- 

2.1 Coupling flows associated with two Tanaka's equations on M 

In this section, we follow [2- By Kolmogorov extension theorem, there exists a probability space 
(0,^, P) on which one can construct a process {£~^i,e~i,U^^,Uj^,Ws^t)-oo<s<t<oo taking values in 
{ — 1, 1}^ X [0, 1]^ X M such that (i), (ii), (iii) and (iv) are satisfied, where 

(i) Ws^t '■= Wt — Ws for all s < i and H^ is a Brownian motion on M. 

(ii) Given VK, {£tt^^tt)s<t and {e~^,U~^)s<t are independent. 

(iii) For fixed s <t, [e^ ^, U^ ^) is independent of W and 



1" "^i" 



(^i> U%) '= {u5i{dx) + (1 - u)5-i{dx))m^{du). 
In particular P(e±, = l\Uf^t) = U^t- 
(iv) Define for all s < t 

m+j = infjiy^,; u G [s, t]}, m~j. = sup{Ty„; u G [s, t]}. 

For all s < f and {(s^, tj); I < i < n} with Si < ti, the law of {e^ ^, U^ J knowing (e^, ^ , Ug. f.)i<i<n and 
W is given by 

{uSi{dx) + {1 — u)S-i{dx))m (du) 

when m^ ^ {m^. i',! < i < n} and is given by 



^ '^H.h'^H.h Card{i;mtt = m^.j 



otherwise. Note that (i)-(iv) uniquely define the law of 

for all Si < ti,l < i < n. 

By construction, for all s < t,u < v, if P(nig ^ = mj^) > 0, then 

P(e± = e±„, U^t = C/,%|m±, = m±„) = 1. (7) 

For s < t, X € M, define 

T^{x) = inf{r > s : Ws^r = T\x\} 

and set 

-^s'^tC^;) = Sx±sgn{x)Ws,t'^{t<r^(x)} + (^mV± + (^ " U^t)^_w±) l{i>r±(x)}- 

Recall the following 

Theorem 2. Q/ (^ij (99"*", T^) and {ip~,—W) solve Tanaka's equation ^^. 

(a) [K'^ ,W) and {K~,—W) solve Tanaka's equation (0j. 

{Hi) For all x G E, all s <t and all bounded continuous function f, a.s. 

Kt^J{x) = E[f{^f/x))\K^]. 

2.2 Modification of flows 

For our later needs, we will construct modifications of (p^ and of K^ which are measurable with 



respect to {s,t,x,u}). On a set of probability 1, define for all s <t, (s„,t„) = {- — - — , - — - — ) and 

(e^t' U^t) = (lim sup ef^^^^^ , lim sup U^^^^^ ) . 

Then, we have the following 

Lemma 1. (i) For all s < t, a.s. e^^ = e^^, Ugt — ^s t- 
(a) Consider the random, sets 

^+ = {{s,t) £R^;s<t,mtt< min{Ws,Wt)}, 



{(s, t) G ]R2; s < t, m7j > max{Ws, Wt)}. 



Then a.s. for all (s,t) and {u,v) in Q)^ , 

Proof, (i) By ([7]), a.s. for all s < t,u < v such that {s,t,u,v) G Q^, we have 

Fix s < t. With probabihty 1, nig ^ is attained in ]s,t[ and thus a.s. there exists no such that 

?7T,„ . = m„ . = m„ f for ah n > nn. (8) 



Qi'-riQ 



Taking the hmit, we get {eg^,Ug^) = (e^^ ^^ , C/^^ ^^ ) a.s. Prom ([7]) and (l8|), we also have that 

(eJ.t^S) = (efnoAo'^^'^oAo) ^-^^ ^"^ (^^ ^^ proved. 

(ii) With probabihty 1, for all {s,t) and {u,v) in &^, if m^ ^ = m^^,, then Buq : ni^^ ^^ = 

m^ „ for all n > uq, which implies that 

3"o : (e^„,i„, U^^^tJ = i£t,.,v„,Ut„,v,J for ah n > no 
and thus that e^ ^ = ^v ^^'^ that Ug ^ = U^^. D 

We may now consider the following modifications of if and K defined for all s < i, x € M by 

^{t<T±{x)} + ^s,t^s,tl{t>r±(x)}' 



(pf/x) = {x±sgn{x)Ws,t)lu<,±,^^,+^,tW^t'^u>^±u)x, 



Then Theorem [2] holds also for ip , K (because (i), (ii), (iii) and (iv) stated at the begining of Section 
Oare satisfied by {e^,U^,W)). 

Lemma 2. (i) The mapping 

{s,t,x,uj) I — > {^fAx,uj),Kf,{x,u})) 



is measurable from {{s,t,x,u}),s < t,x G M,u} € 17} into M x 
(ii) For all s,t,x, a.s. 

Proof, (i) Clearly 



is measurable. For all t > s, we have 

{r+(x) >t} = { inf Ws,r + \x\ > 0} 

s<r<t 

which shows that {s,x,u}) i — > t^{x,uj) is measurable and a fortiori {s,x,u}) i — > t~{x,uj) is also 
measurable, (ii) is a consequence of Lemma [T](i). D 

To simplify notations, throughout the rest of the paper, we will denote e^ j, C/^ j, (^^ j,i^^ j simply by 

^± TT± ,„± T^± 

2.3 The construction of K™^™" 

In this paragraph, we construct a stochastic flow of kernels K"^ '"^ and a stochastic flow of mappings 
if respectively from {K^,K~) and from {{p'^,(p^). Let 

Ps = inf{r > s, sup(T^+„ W',) = I}. (9) 

We first define {(ps,t)s<t<ps- For t G [s,ps], set 

93,,t(l) = exp(ivJ+f(0)), 
V9,,i(e^') = exp(i(Z + (/.-,(0))) 

and for z G "^ \ {1, e*'} and t G [s, /o^], set 

where 

r,(z) = inf{r > s, ze''^''^^^'^ = 1 or e*'}. 

Note that on {ts{z) < ps}r\{ze^^^^^^''''">'^^'> = 1}, we have W^^,. = and consequently (Ps,Ts{z){'^) = 1- 
Also, on {ts{z) < ps} n {ze*'^^)'^^'-^!-) = e*'}, we have W^^^^^-, = and so ^sM^)'^^'^'' = ^*'- 
Since (s,(^) i — > Ps{oj) and (5,2,0;) 1 — > Ts{z,uj) are measurabe, it follows from Lemma [2] that 

is measurable from {{s,t, z,u)),s < t, z £ ^,u) £ Q} into ^. Now we consider the sequence of stopping 
times {p^)k>o such that p^ = s and pj'"*"^ = Ppk for A; > 0. 



Define for all s < i, 

fc>0 

Then (s,t,2;,a;) i — > (ps.t{z,uj) is measurable from {(s, t, z, tj), s < t,z € ^,uj G 17} into '^. By the 
same way, we define {K^^ '"^ )s<t<ps for t G [s,/9s] 



^s,t K-^J — '-"s,t'^exp(iVK7t) "I" V-L '^s,tJ''cxp{-iW^t)' 



and for z G '^ \ {1, e } and t G [s, ps] 



K. 



m+ ,m j il 
s,t 



(e* ) - f^s,t'5cxp(i(/+M/7,)) + (1 ^s,t)'^cxp(i(/-Vl/7,)) 



Define now for all s < i, 



fc>0 

Then {s,t,z,uj) i — s- Kj^^ '"* {z,u)) is measurable from {{s,t,z,uj),s < t,z G ^, a; G 0} into 'P(^). 
For every choice si < ti < • • • < s„ < t„, {ifsuU^K'Jly^ ) is cr(e+^, e;;^^, C/+^, C/^^, W„,^, Si<u<v< 
ti) measurable and these cr-fields are independent for 1 < i < n by construction. This implies the 
independence of the family {{ips-^ti,K^^'^ ), 1 < i < n}. It is also clear that the laws of (ps.t and 
^Tt '"^ o'^ly depend on t — s. 

2.4 The flow property for K'^ "^ and </?. 

To prove the flow property for both ip and K"^ '"* , we start by the following 

Proposition 3. Let S, T be two finite {F^^ ^)r^^-stoppmg times such that S <T < ps- Then a.s. 
for all u G [T, ps\ -^z ^'lo , we have 

^S,u{^) = y^T,uO^S,T{z) 

and 

T^m+,m- ,^ _ T^m+ ,m- T^m+ ,m- ,-. 

Proof. Define 

ni = {ajGJ^:V(si,ti),(s2,t2)G^^,m±^,^=m±^,^^4_i^=e±^iJ 
^2 = {w G O : m^j,^^, < Wt < rnxT+r'^^S S+r ^ ^S ^ ''^S S+r fo"^ ^^^ ^ ^ ^}- 

9 



Then P(rii) = 1 (see Lemma [T] (ii)). It is also known that ^'{0,2) = 1 (see [1] page 94). We will prove 
the proposition on the set of probability 1: = Oi n 1^2 and we first prove the result for ip. From now 
on, we fix w G 0,. Define 

E{i) = {{u,z) :T <u< ps,u <Ts{z)}, 

E{ii) = {{u, z) :T < Ts{z) <u< ps}, 

E(iii) = {{u, z) : Ts{z) <T <u< ps,u < TT{ips,T{z))}, 

E(iv) = {{u, z) : Ts{z) <T < tt{(Ps,t{z)) <u< ps}. 

Then S(j) U Ef^a) U ^(jjj) U ^(j^,) = [T, ps] x '^. For all 2: e '^, set Z = fs,T{z) and 9 = aig{z). 
(i) Let {z,u) G S(i). Then as T < ts{z), we have 6 ^ {0,1}, Z = ze'<^^^s,T and 

tt{Z) = inf{r > T, Ze''^^^^^'^ = 1 or e^'} 

= inf{r > T, ze'^'^'^^^'^+'^^^^^'-^ = 1 or e^'} = ts{z) 

since e{z) = e{Z). Therefore u < tt{Z) and ^t,u ° ^s,t{z) = Ze'<^^^T,u = ze'^{z)Ws,u = ^ps^u{z). 
(ii) Let {z,u) E Ef^ay Then, we still have tt{Z) = ts{z) and ^t,tt{Z){Z) = ips^rs{z){z)- 
Recall that 

and 

Suppose for example ips^rs(z){z) = ipT,TT(Z){Z) = 1, then VF+^^^^-j = W'+^^j.^-j = and so W^^ = W^^^ 
(and a fortiori mj^^ = rri^^) for all r > T'X'{Z){= ts{z)). From the definition, 

^S,u{^) = V'5,«(l) = ex.v{i^^A^)) and ipT,u{^) = V'r,«(l) = exp(ic/5+^(0)). 

If ^T,u = ^tu = 0' then ^s,u{z) = "PtAZ) = 1- Suppose that W+^ = W^^ > 0, then Wu > m+^ 
and Wu > ni^^. Since w G $12, we have 

Wt > m+^ and Ws > m+^. 

In other words, {T,u) and (5, u) are in &~^ so that e^^ = e^^ and ipT,u{^) ~ 'Ps,u{z)- 

(iii) Let {z,u) G E^^^y Assume for example that ipg^^^i^-^{z) = 1, then Z = ips^ri^ = e*'^s,Ti J since 

T < Ps and 

(^T,«(Z) = exi>{i{ip+j,{0) + e{Z)WT,u)) 

= exp(i(e+yVF+^ + e(Z)VFT,«)). 

10 



AsT < u < tt{Z), it follows that Z ^ {l,e*'} (if Z G {l,e*'}, then tt{Z) = T), e{Z) = e+y and 
so ipT,u{Z) = Z exp{ie'^ rpWx^u) = exp(ze^y(W^j — m^^)). As Z 7^ 1, we necessarily have Wgj, > 0. 
Thus if e'grp = 1, 

TTiZ) = inf{r > T : VF,. - m+y = or /} 

and if ej^ = — 1, 

tt(^) = inf{r > T : Wr - m+^ = or 27r - /}. 

Since u < tt{Z), we have m^^ = m^^ and (pT,u{Z) = exp(ie^j,W^g^^). On the other hand, since 
u < PS, 

^s,u{z) = exp(i99+^(0)) = exp(ie+^W+^). 

But {S,T) G ^+ (from 14^+^ > 0), {S,u) £ ^+ (from u < tt{Z) which entails that 14^+^ > 0). 
Consequently e^^ = e'grp and so ipT,u{Z) = ips,u{z)- The case ips^^g(^^-^{z) = e*' can be done similarly, 
(iv) Let {z,u) G -E(to). Assume for example that (/95,-g(j,)(z) = 1 so that W^^ /^-, = 0. Consider the 
first case: e^^, = 1. Then Z = e ^^^ and 

tt{Z) = inf{r >T: Wr - m+y G {0, /}}• 

If WVj,(z) - m^T = ^ then n = tt{Z) = ps and ips,ui^) = Vr,«(-^) = e*'. 

If W^y(z) - mj,j, = 0, then (pT^^^^z){Z) = 1 and (pT,u{^) = ^T,u{'^)- 

Since (/35,-g(2-)(z) = 1, we have ips,u{z) = (ps,u{^)- Moreover W^^ ,^^ = Wg^ ,^-. = 0, which implies 

^T,u = Wi,u (since U > TTiZ)). 

Now, if u satisfies W,^^ = Wg^ = 0, then ipT,u{Z) = ips,u{z) = 1. If not, m^;^ = mj^ and (T, u), {S, u) 

are in &~^. This implies e^„ = e^^ and c/5t^„(Z) = c/?5,u(-z) exactly as in (ii). 

Assume now that e^j, = —1, then tt{Z) satisfies W^^(^z) ~ ™5r ~ *-* (recall that tt{Z) < ps) and 

^T,u{^) = ^s,ui^) as before. 

The result for K"^ '™ can be proved by replacing ips^riz) by e* s,t [^l Ef^^i^-^ and E^^^y However, the 

proof remains similar. D 

Corollary 2. Let S < T he two finite {F_^ r)r£^- stopping times. Then, with probability 1, for all 
u >T,z £ 'rf, we have 

•^S,u{^) = V>T,u o ips,T{z) 

and 

j^m+,m- , X _ T^m+ ,m- T^m+ ,m- f ■. 
11 



Proof. Fix A; G N and define the family of (J"]^ ,.)reiR-stopping times {T')i>o by T'^ = {TV p|) A p^+^ 
and r* = p2^i-i for i > 1. As r i — > p^ is increasing, we have p^^ < T* < p'^^^ for all i > 0. Applying 
successively Proposition [3l we have a.s. for all z £ ^ and all i >0, 

fs,u{^) = fp^/\u ° '^t--\p1+' ° • • • ° V^ro^pfc+i o '/'pfc,TO ° V'5,p|(^) foi^ all u e [/?!+*, T*] 
and 

V55,m(2) = 'Pt\u ° 'fpl+\T- ° • • • ° V^TO,p^+i ° '^p|,TO ° V's,p|(^) fo^ all n G [T*, p^+^+^J. 
On {p| < T < p|+^}, we have T* = p^, for alH > whence a.s. on {p| < T < p|+^}, for ah z G -^ 
and all i > 0, 

VS,u{z) = ^pk+^^u o ^p^^l^pk+^ o • • • o (^^.^^fc+i o C(5s,t(2;) for ah u G [pg+*, p'rp] 

and 

V3s,«(z) = y^p^^u o fpk+^^pi^ o • • • o V'r^pfc+i o fs,T{z) for all n G [p^, p^+^+^J. 

Now define the family (S'*)j>i of (-7^^ ^)r.GR-stopping times by S^ = {T V p^^ ) A p\, and 5*+^ = pgi 
for i > 1. Then for all i > 0, Pj^ < S^~^^ < p^rji' . Applying again successively Proposition [3l we get a.s. 
for all z G "^ and all i >0, 

^T,u{fS,T{z)) = iPp^^^ o Lfgi^p^ o • • • o ^s\pir ° 'Pt,s^ i^S,T{z)) for all u G [p^, 5*+^] 

and 

V^T,u{fs,T{z)) = fs^+\u ° fpi^,s^+^ ° • • • ° 9551 ,pi, ° 'PT,s^ifs,Tiz)) for ah U G [S'''+\p^^]. 

On {pI < T < /Og^^}, we have S* = p^+* for ah i > 1 and consequently a.s. on {p| < T < p^^^}, for 
all z G '^ and all i > 0, 



¥'t,«('/55,t(^;)) = ^p^.a ° ^p^+^p^ ° • • • ° 'fp)+\p\ ° 'Pt,p'^+^('Ps,t{z)) for ah u G [pt'/'s'^*^^] 
and 

V^t.uIv^s.tI^;)) = fpk+i+i^^ o ip^^^^k+r+i o • • • o 'fpk+i^pi^ o ^^^^k+i{(ps,T{z)) for ah u G [/3s+*"^\pt^^]. 
We have thus shown that a.s. for all z £ '^ and all u >T, 

By summing over k, we get that a.s. Vz G '^, Vu > T, c^t^„ o ips^x{z) = (ps,u{z)- The flow property for 
^m ,m jjQi(jg ]-,y |;]2g gauie reasoning. D 
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2.5 K*" "^ can be obtained by filtering 99 

For all —00 < s < t < +00, let 

-^M '^''^ = ^iKv^ U~„ Wu,v] s<u<v<t) = a{K+„K~,- s<u<v<t). 
Corollary [2] entails the following 
Proposition 4. For all z € '^, all s < t and all continuous function f , a.s. 



K::;'--f{z) = E fi^sAmK '^ ' 



u+,u-,w' 
t 



Proof. Fix s < t,z £ ^ and / G C{^). Properties (ii) and (iii) of Section [2?T] imply that a.s. 



K. 



s.t 



f{z)'^{s<t<ps}=E f{Vs,t{z))\^s,t 



-■u+,u-,w 



{S<t<ps} 



Define 



r 



■e+ ,e- ,U+ ,U- ,W 



-± TT± 



'^{£u,v, Uu,v, Wu,v; s<u<v<t) = a{ip K ■ s<u<v<t) 



If Z is a random variable independent of -T^f ^'^ ' ' ' , then a.s. 



K^''^~fiz)i{s<t<p.} = E \f{^sAm^^y''~''^' 



{S<t<ps} 



(10) 



(t-s)i 



For 71 > 1 and i G [0, n], let tf = s + ^^-^,An,i = {tf < pt^_J and forn > 1 let An = nf^^An,i. Note 
that An^i € J-^ f-n and An G J'^- Then since K^ and (p^ are stochastic flows, J^^ 



€+ ,e- ,U+ ,U^ ,W 
s,t 



Vj=l -^e ,,i" 



€+,e-,U+,U-,W 



By Corollary [21 a.s. 



r^m^ ,m, / \ r^m'*' ,m r^m''' ,m / \ 



and 



Recall that the c-fields ( J>i '"^ ,„ 

»-i' » / l<i<n 



ips,t{z) = Vtl^^,t o • • • o ips,f^{z). 

are independent. Then, using ([TOD, we get that a.s. 



KT:^^'^~f{z)iA^ = E \f{^sM)\:F'^y^~^'^' 



1a„, 



and therefore a.s. 



KT^'"^' f{z) = E\f{^.,{z))\T^:'^~^'^' 



1a„ + ( K ^ 



fiz) - E 



f{^s,t{z))\^s.t 



l^c 
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To finish the proof, it remains to prove that P(^^) — )• as n — )■ oo. Write 



\K) < E 



i=l i=l 



Y^Fit^ - tU > Pt2_, - tti) 



nF 



t- s 



n 



> Po 



Let p=^ = inf{r > : W^^ = 1}. Then 



nK) < n 



n 



> p+ ) + P ( ^ > p- 



2nP 



t- s 



n 



>P' 



law 



We have p+ = inf{r > : \Wr\ = I}. Let T, = inf{r >0:Wr = l}, then 



P(^^) < 4nP ( - — - >Ti] =4.n 



n 



-co J _j2 

exp(— — )dx 



^ ■ V27rx3 2x 

(see [1] page 80). By the change of variable v = nx, the right hand side converges to as n 
which finishes the proof. 

2.6 The L^ continuity 

To conclude that K"^ '"* and (p are two stochastic flows, it remains to prove the following 
Proposition 5. For all t > 0, 9 (^ [0,2tt[ and f G C{^), we have 



oo 
D 



lim E 



f{voA^))-fiipoAe'')) 



lim E 

2— >e'* 



{K^^^-^'m-K^^'-^-fie^^: 



0. 



Proof. By Jensen's inequality and Proposition 21 it suffices to prove the result only for ip and by the 
proof of Lemma 1.11 [6] (see also Lemma 1 [2]), this amounts to show that for all t > 0, 77 > and 

6 £ [0,2tt[: 

lim P (d{ipo,t{z), ^o,t(e*')) > ??) = 0. (11) 

Fix 7? > 0, t > and 6* G [0, 27r[. For z E '^, set 



For simplicity, we will write t{z) and ipt instead of tq{z) and (po,t- 

First case ■.6 = 0. For a G]0, /[, we have r(e*") = inf{t > : a + Wf = or /} and 

P(A,..) < P(t < r(e^")) + P(A,,. n{(^,(,,.)(e^") = l,t> r(e*")}) +P(^,(,..)(6 

If t > T(e*") and (^^(e«<.)(e*°) = 1, then v?t(e*") = 994(1). Thus 

P (^,. n Wrie.'^^ien = 1, i > T(e'°)}) = 0. 



e*'). 
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Prom lima_>.o+ r(e*") = a.s. and 

we get liuia^Q^F {Af.ia) = and similarly, we can prove that lim„_j.(27r)- lP(^e'") = 0- Thus p!T]) holds 

for 6 = and by the same way for 6 = 1. 

Second case : 6 G]/,27r[. For all a G]/,27r[, we have 

+ P(^,,. n {^,(e-)(e*°) = Vr{e^e)[e''^) = e^'}) + e„,e 
where 

e„,, = P(v9,(,..)(e^") = l,^,^,.e){e'') = e*') + P((^,(e..)(e^") = e^ (/.,(,.«) (e^^) = 1) 
which converges to as a — )■ 0. Let us prove that 

lim ¥{Ba) = where 5„ = ^g^ n {c^^(e><.i(e'") = ^r(e-e){e^'^) = 1}. 
For I < a < 6, write 

P(5„) = P(B« n {t < T(e*^)}) + P(5« n {r(e^^) < t < r(e'")}) + P(5^ n {t > r(e^°)}). 
Since 99.(e*°) and ip.{e^^) move parallely until one of them hits 1 or e*', it is easy to see that 



lim P(5« n {t < Tie"")}) + F{B^ n {r(e*'^) < t < r(e'")}) = 0. 

a—>-0- \ J 

Now 

P(Sa n {t > r(e^°)}) = P(S, n {r(e^") < t A p,(e.«)}) + P(5a n {p,(,,«) < r(e'") < t}) 

< P(S, n {r(e-) < t A p,(,,.)}) + P(p,(,,:e) < r(e^")). 

Obviously limQ,_j.6i P(/)^(gi6)-) < r(e*")) = P(p^(gifl) < r(e*^)) = 0. Set Y = (/9^(-gie)(e*°), then a.s. on 
Ba n {r(e*") < t A/9^(eie)}, we have 9Jt(e*°) = c/j^^gW) ^(y) by Corollary [2] and T^(gie)(y) = r(e*") < 
PT-(^f>i9y We recall that (/9^(-gifl)^5(y) := '/5^(g«),s(l) for all s G [''"r(e*9)(^)5PT(e»9)] ^'^d thus (/9^(-gifl)^^(y) = 
V'T(e»9),s(l) for all s > r^(gis)(y) (by the definition of (/?) . This shows that a.s. on i3Q,n{r(e*") < f Ap^(gie)}, 
we have 
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Finally linia^g_F{Ba) = and by interchanging the roles of 6 and a, we have lim„_j.0_|_P(i?„) = 0. 
Similarly 

Ihn P (^,„ n W^^,.e){e'') = ^rie^^){en = e''}) = 

so that (|11|) is satisfied for all 9 such that 9 £]1,2tt[. By the same way, it is also satisfied for all 
9e]0,l[. D 

2.7 The flows ^ and A""+''"^ solve (TV) 
In this paragraph we prove the following 
Proposition 6. Both tp and K"^ '™ solve (T^). 

Proof. First we check the result for ip. For all g > 1 and i > set 

_ [ggj + 1 2 

'~>q — 5 '~>q,t — J a r f-- 

9 Q 

First step. Let 5 be a finite (J"o^)-stopping time. Then for allz e^^J G C^C^), a.s. Vt G [0, ps-S], 

f{ps,s+tiz)) = f{z)+ I {fe){ps,s+u{z))dWs,s+u + \ f f"{ps,s+u{z))du. 
Jo ^ Jo 

We first prove this for z = 1 and first check that {pg g,-i-{0),t > 0) is a Brownian motion. Let t > 0, 

then a.s. {S,S + t) £ ^+ and for q large enough, we have {Sq,Sq^t) G ^^ and m^ ^ = m^^_|_j. 

Lemma [J (ii) implies that a.s. for q large enough 

S,S-\-t Sq,Sq^t 



Thus a.s. 



'^5,5+*(0) = J™,^+ .,^^(0). (12) 



Let < ti < • • • < tri and take a family {fi)i<i<n of bounded continuous functions from M into R. 
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Using the independence of increments and the stationarity of (^"*", we have 



E 



Uf^Hs+tS^)) 



i=l 



Um E 

g— 7-00 



.i=l 



i= 

hm y^ E 

heN 

lim y^ E 

hen 

hm V^ 

n/^K*.(o)) 



5— >oo 



/iGN 



q ^ q '' ^ 4 

2 = 1 

n 

n/i(vtii^,i(o)) 

n 



9 9 



.4 = 1 



q q 



lim i? 

5— >oo 



^ 



.i=l 



Since (/9,|.(0) is a Brownian motion, the same holds for y:ig g,.{^)- ^Y Ito's formula, we have for all 
/ G C2(<r) a.s. Vi > 0, 

1 /■* 



/(exp(i(^+^_,,(0))) = /(!)+ / /'(exp(i4^^JO)))d(/p+5^ JO) + - / /"(exp(i<^+5+JO)))dn. 

JO -^ JO 

Tanaka's formula for local time yields a.s. Vt G [O,/?^ — 5], 

Jo 
where Lj is the local time in of V's'5+.(0)- Since |</25'5_|_((0)| = Wgg_^f. for all i, we have a.s. 

yte[0,ps-S], 

I sgn(v^+5+JO))d4^_,JO) = Ws,s+t. 
Jo 

Since sgn{ip^^g^^{0)) = £5^5+^ a.s., we get a.s. Vt G [0,ps - S], 

Jo Jo 

Recall that c^5'^5+((l) = e*'^s,s+ti ) fgj, g^^j ^ ^ [0, /O5 — S], thus the first step holds for z = 1. The first 
step is similarly satisfied for z = e and for all z G '^\ {1, e } by distinguishing the cases t < ts{z) — S 
and t > Ts{z) — S. 

Second step. Let 5 be a finite (Jo^)-stopping time, Gt = (^{y^o,u{z), z G "^j < u < t), t > 0. Then 
^{'Ps,{S+u)Apsi^)j'^ G ^, n > 0) is independent of ^5. 
Clearly 

0"(¥'5,(5+«)Aps(^)'2^ G 'r,u > 0) C o-(y'5,5+„(0),n > 0)Va(ipg^g^^(0),u> 0). 
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Fix < til < • • • < u„, then a.s. {S, S + ui),- ■ ■ ,{S,S + Un) are in ^^ n ^ . Take a family 
{/ii^i; ■ ■ ■ 5 fn,gn} of bounded continuous functions from R into M and let A G ^5. By (fT2]) . we have 



E 



n/*(^5,54-n,(0))5i(V'5,5+..(0))U 



i=l 



lim E 



n/''K,5„„.(o))5^(^5„5„„.(o))u 



i=l 



For q large enough (| < ui), we have 



E 



Ilf^(<,s,joMi^s„s,jmA 



i=l 






(0) ) '^An{^<s<^} 

with ^n{f < 5 < ^} G g^+i C a((/p+^(z),¥5-„(z),z e^,0<n<t>< ^). Now using the 

independence of increments and the stationarity of {ip~^,{p~), the second step easily holds. 

Third step, ip solves (T<r^). 

Denote pg simply by p''. For all A; G N, a.s. u 1 — > fpk^^iz) is continuous on [p'',p''~^^] for all z G ^. 

Consequently for all z £ '^, a.s. n 1 — > y3o,«(-2) is continuous on [0, +oo[ and in particular, (pQ^pk{z) is 

Qpk measurable. Now fix / G C^(^), t > 0, z G ^ and define for all y £ 'rf, 

H(f,t){y) = /('/'pi,pi+iA(p2-pi)(y))-/(y)- / if'^)ifp\p^+uiy))dWpi^pi^^ 

Jo 

^ |-tA(p2_pl) 

Then a.s. y 1 — > Hifi\{y) is measurable from ^ into M. Moreover Hffi\ is cr(c/5 1 ( i_(_„-)^ 2,ii > 0) mea- 
surable and ff(j^t)(y) = a.s. for ally G '^ by the first step. The second step yields H(^j^£^{ipQ^pi{z)) = 
a.s. and we may replace y by (/^o.pi {z) directly in the stochastic integral so that, using the flow property, 
we get 



/('/^o,pi+tA(p2_pi)(2;)) = f{ipQ^pi{z)) + 

Jo 

, . / 9 1 \ 

fiz) + 



iA{p2-pl) 



{f'(^)ifo,p^+u{z))dWpi^pi+u 



I ^tA(p2-pl) 

2./0 



/"(V30,pl+«(^))c^^ 
pl+iA(p2-pl) 1 ^pl+iA(p2-pl) 



f"{Vo,u{z))du. 



By induction, we have a.s. Vfc G N, 



/■p'=+tA(p'= + l-p'=) 

/('/'o,p'=+tA(p'=+i-pfe)(2;)) = f{z)+ {fe){ipo,u{z))dWu 

Jo 

1 /.p''+iA(p'=+i-p'=) 

+ 2/ /"(y.o,«(^))d«. 
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This implies that ip solves (r>^). The fact that i^'" '"^ solves (IV) is similar to Proposition 4.1 (ii) 
in [7] using Proposition HI D 

3 Flows solution of (T^) 

From now on [K, W) is a solution of {T^g) defined on a probability space (fi, A, P). Fix s G M, z G ^, 
then {Ks^t{z))t>s can be modified such that, a.s. the mapping 1 1 — > Ks^t{z) is continuous from [s, +oo[ 
into V{^). We will always consider this modification for {Ks.t{z))t>s for all fixed s and z. 

Lemma 3. (i) For all z ^^ and s G M, denote Ts{z) = inf{r > s, 2;e*'=(^)^=''- = 1 or e*'}. T/ien a.s. 

i^s,i(z) = 5^^^,(,)w,^t, if s <t < Ts{z). 
(ii) a{W) Ca{K). 

Proof, (i) We follow Lemma 3.1 [7]. Define 

'^+ = {ze'^ : arg(z) G]0, /[}, ^- = ^ \ ^+. (13) 

For 2 G ^+, let 

f, = inf{t>0:i^o,t(^,'^")>0}. 

Let / G C^(^) such that /(y) = arg(y) if y G "^^ By applying / in (IV), we have for t < f^, 

Ko,t/(^) = f{z) + Wt 
and thus, for t < fz, 



/ arg(y)Is:o,t(^;, dy) = arg(z) + Wj. (14) 

By applying /^ in (TV), we also have for t < fz, 

Ko,tf{^) = f\z) + ^ [ [ s.ig{y)Ko,u{z, dy)dWu + t. 
Jo Jv 

Using (fill) , we obtain that for t < fz, 

/ (arg(y) - arg(z) - WtfKo^t{z, dy) = 0. 
J'if 

By continuity a.s. 

Ko^tiz) = S^^i,(z)wt for all t G [0,f^]. 
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The fact that tq{z) = f^ easily follows. 

(ii) Let {fn)n>i be a sequence in C^(^) such that /^(-z) — )• e{z) as n — )• oo for all z G '^ \ {l,e*'}. 

Applying /„ in (T.^), we get 

/ Ko,u(e/;)(l)dW^u = i^O,t/n(l) - /n(l) - ^ / Ko,«/n(l)d^. 
JO ^ JO 

It is easy to check that Jq KQ^u{^f'^){l)dWu converges towards Wt in L^(P) as n — )■ oo whence 

VTt = lim (Ko,tfnil) - /n(l) - J / iro,^./n(l)rf^l ^ L2(P) 

which proves (ii). D 

3.1 Unicity of the Wiener solution. 

Our aim in this section is to prove that (TV) admits only one Wiener solution (i.e. such that a{W) C 
a{K)). This solution is K"^ '"^ with m'^ = m^ = 5i. For this, we will essentially follow the general 
idea of [5]: the Wiener solution is unique because its Wiener chaos decomposition can be given (see 
(J15p and (jlGh below). Let p be semigroup of the standard Brownian motion on M. Then the semigroup 
of the Brownian motion on "^ writes 

Pi(e*^e*^) = ^pt(x,2/ + 2A:7^), x,yG[0,2^[. 
fcgZ 

For ah / G C^C^), we easily check that Ptf G C^C^) and {Ptf)' = Ptf ■ Let Af = \f" J G C2(^) 
be the generator of P. 

Proposition 7. Equation {T%') has at most one Wiener solution: If (K, W) is a solution such that 
a{W) C aiK), then Vi > 0, / G C°°(^) and all 2 G ^, 

00 
Ko,tfi^) = Ptfiz) + Y, Jtfi^) '^ ^'(IP) (15) 

n=l 

where 

Jll{z)=l Ps,{DiPs,^,,---D{Pt^sjmz)dWo,s,---dWo,s^ (16) 

JO<Sl<-<Sn<t 

no longer depends on K and Df{z) = e{z)f'{z). 

Proof. Let [K, W) be a solution of (1^0 (not necessarily a Wiener flow). Our first aim is to establish 
the following 
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Lemma 4. Fix f E C^i"^) and z e'ff. Then 

Ko,tf{z) = Ptf{z)+ I Ko,u{D{Pt^umz)dWu. 
Jo 

Proof. Let / G C~(^),z € <r and denote i^o,* simply by Kt. Note that /g /s:„(L>(Pt_„/))(z)dVF„ is 
well defined: 

[ E[K^{D{Pt^J)){z)fdu< [ Pu{{D{Pt.uf)?){z)du < I \\{Pt.uf)'\\1du 
Jo Jo Jo 

and the right-hand side is smaller than t||/'||^. Now 

Ktf{z) - Ptf{z) - / KuiD{Pt.umz)dWu = YiK^^+^nP (,+!)./ - K,_tP^_,_tf)iz) 

Jo t^n " " n n 



p=0 



-1 ^is+Dl 



1 - (p+i)' 



ft -L /I " ' IV J. n ■-' ■■ 

-V / " KuD{{Pt^u-P_iP+i)i)f){z)dWu-y^ " K„Z;(P_(p+iH/)(z)dTK. 
For all p £ {0,..,n- 1}, set /p,„ = P (p+i)t / G C°°(^) and so by replacing / by /p,.„ in (TV), we get 



(p+i)t 



pi 



Jf„(L>/p,„)(z)(iW„ = K (p+i)t fr,,n{z) - Kvlfp,n{z) 



(p+i)t 



pt 



Ku{Afp^n){z)du 



K {p+i)t fp,n{z) - Kptfp^n{z) Kpt{Afp^n)iz) - / (i^« - K pt){Afp^n){z)du. 

n " n n I pt n 



(p+l)t 



Then we can write 



where 



Ktf{z) - Ptt\z) - / Ku{D{Pt-umz)dWu = Ai{n) + A2{n) + A^{n), 
Jo 



n-l 



Aiin) 



Aoin) 



A.in) 



"H( " " ^^^ — n ^ — 

n-l „l£±i)i 

-T^l KuD{{Pt.u-P_iP±m)f)i^)dWu, 

n-l (£±111 

J2 " {Ku-Kpt)AP^ (,+,)^f{z)du. 



Using II-S'm^IIoo < llslloo for g a bomided measurable fmiction, we obtain 

n-l 



\Ai{n)\ < Y, 

p=0 



t 



P, iP+in[P±f - f - -Af] 



< n 



t 



Pif-f--Af 

n n 



p±f-f 



Af 



21 



Since / G C°°('^), this shows that Ai{n) converges to as n — )• cxd. Note that A2{n) is the sum of 
orthogonal terms in L^(P). Consequently 



l^2(n)|| 



L^( 



n-1 

E 

p=0 



(p+i)t 



El 



K^DiiPt.u - P. iP+i)t)f){z)dWu 



LH 



By applying Jensen's inequality, we arrive at 



n-l .- (P+l)« 



ft — -L r 



rpt (p+l)ti 



where K = (^t-^./)' - (^,_(P±i)i/)' = Pt-uf - Pt_iE±i)lf'- For all u G [f , ^^^], we have 



PuV^{z)<\\Vu 



|2 

loo 



-Pf (P+l)i ( -P (p+l)t „./ -/ 



< Il- P(p+I)t ../ - /' 



' -P'l|2 

OO' 



Consequently 



l^2(n)|| 



LH 



< 



1 (P+l)i 1 

V/ " l|P(P+i)t J'-f'\\ldn = n r\\Puf'-f'\ 

" JO 



p=0 



pt 



du, 



and one can deduce that A2{n) tends to as n — )• +oo in L^(P). Now 



n-l 



l^3(n)||L2(p) < ^ 

p=0 



(p+l)t 



pt 



{Ku-K,_t)AP^ ^,+,^,f{z)du 



LH 



Set /ip.„ = ^P (p+i)t f. Then hp^„ G C°°('^) for all p £ [0, n — 1]. By the Cauchy-Schwarz inequality 



{n.-l (p±m 
Y, / E[{{Ku-Kj>^)hp^n{z)?]du 
p=0 n 



1 

2 

> . 



If uG [2^, ^4^1: 



^[((i^„-Kpi)Vn(^))'] < E[K,_t{Kj^Jlp^n-h,n?{z)] 



n n ' 



< E[Kpt{Kpt^^hp^^ - 2hp^nKvi,Jlp^n + /ip,n)(^)] 



n n 



< Pp£ ( -Pj^_£i/^p^n ~ '^hpnP^^_pt'^p,n + ^^p^n 1 (^ 






— \\P^,^EL'T"n.n ^'^p,n-' „_ Ei "p,?! + "p^n 1 1 OO 



^ 9l|?i II IIP h h II _i_llP /)2 1,2 

^ ^1 1 "-Pjn I loo 1 1 -*„_££ "-pjn "'p,n| |oo ~r | p^_pt /t„ „ "■« r 

Therefore ||A3(n)||i2(p) < \/t(2Ci(n) + C2(n))5, where 



n-l lP±i)t 

Cl(™) = y^llVnlU / \\Pu-Ei 

* ^ f pt n 

p=0 •'"S" 



' t'Ti r) ' t-r) r) rv~i ^ tZ 



21 '^p,n '^p,n. I Icxo 
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and 

n-l , (P+I)' 

2 _ ,2 
''p.n '''p,nl|oo 
. i It ' 

p=0 n 



n-l Ae+M 



pt^ftrtn — /^n r) I IrmttW. 



Prom ||/ip,n||oo < ll^/lloo and ||P^_Ei/ip,„ - /ip,n||oo < \\Pu_piAf - ^/||oo, we get 

n n 

n-l - (P+l)* „i 

Ci(n)<||A/||ooV / " ||^,_EiA/-A/||oodn<||^/||oo / ||P^^/-A/||oods. 

As yl/ G C'^Cr), Ci(n) tends to obviously. On the other hand, /i^ ,^ E C°°C^) and so 

1 "~^ /■* 1 '^"^ f* f f^ \ 

C2(n) = -^/ ||P^/ip,„-/ip,„||oods< -X] / / ll^/ip,„l|oodw ds. 
^ p=0 -^0 " "^ p^Q Jo \Jo J 

Now we easily verify that /ip^ni ^'pn^h'' are uniformly bounded with respect to n and < p < n — 1. 
As a result C2(n) tends to as n — t- oo. This establishes Lemma [H D 

Assume that {K,W) is a Wiener solution of (T^) and for t > 0,/ G C°°(^) and z G "T, let 
Ko^tf{z) = Ptf{z) + X^^i Jrfi^) be the decomposition in Wiener chaos of KQ^tf{z) in L^ sense. By 
iterating the identity of LemmalU we see that for all n > 1, Jl^f{z) is given by ()16p . D 

Consequence: Let K be the unique Wiener solution of (T%f). Since a(W) C cr{K), we can define 
K* the stochastic flow obtained by filtering K with respect to a{W) (Lemma 3-2 (ii) in |6]). Then, 
for all s < t and all z ^ '^, a.s. 

Kl,{z) = E[KsAz)W{W)]. 

As a result, (-fi'*, W) solves also (IV) and by the last proposition, for all s < t and all z £ ^, a.s. 

E[K,,iz)\a{W)]=KZ{z). (17) 

3.2 Proof of Theorem [D (2) 

Using the flow property and the independence of the increments satisfied by K, it is easily seen that the 
law of (-K"o,ti ) ■ ■ ■ 1 ^o,t„) for all (ti, • • • , tn) £ (1^+)" and therefore the law of K is uniquely determined 
by the knowledge of the law of Xq,* for all t > 0. In the sequel, we will show the existence of two 
probability measures m~^ and m~ on [0, 1] with mean ^ such that for all t > 0, K™^ '"^ = Kq^i which 
will imply Part (2) of Theorem [TJ 
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3.2.1 A stochastic flow of mappings associated to K. 

Let P" = E[K®^] be the compatible family of Feller semigroups associated to K and let (P"''^)n>i be 
the family of compatible Markov semigroups associated to {P^)n>i by Theorem 41 [6]. Then we have 

Lemma 5. {P^''^)n>i is a compatible family of Feller sem,igroups associated with a flow of wrappings 

Proof. For each (x, y) € '^^, let (Xf , Y^)t>o be the two point motion started at (x, y) associated with 
P^ constructed as in Section 2.6 on an extension (0 x r2',<5,Q) of (0,^,P) such that the law of 
(Xf ,y/) given a; G f] is Ko,j(x) Ko,t(y)- Define 

T^'S' := inf{t > : Xf = y/}. 

By Theorem 4.1 [6], we only need to check that: for all t > 0, e > and x G '^, 

hm Q({r-'^ > t} n {d(xf ,y/) > e}) = o (C). 

Fix t > and e > 0. 

First case x = 1. Recall that for all < t < p (:= Po), 

This shows that i^o,t(l) is supported on {e*'^' ,e~*^t } and so Xj = e^^t or e~*'^« when t < p. 
Moreover, if y ^ {1, e*'}, then Xf = ye'^^y^^^ when < t < r(y)(:= ro(y)) by LemmaE] (i). 
Let ^ = {T^'y > t}n {d{Xl,Y^") > e} where y is close to 1 and y / 1. Write 



n{t<r(y)}) + Q(An{t>T(y)}). 
Since r(y) tends to as y tends to 1, we have limj^_j.i Q(^ n {t < T(y)}) = 0. Moreover 

Q{A n{t> r(y)}) < Q(i?) + Q(X^^(^) = e^'). 
where B = An{t> r(y), X^^^^ = 1}. Obviously 

< Q{B n {T(y) < p}) + Q(T(y) > p) 



with lim^^i Q(r(y) > p) = 0. On B n {r(y) < p}, we have X^^^^ = X^^^^ = 1 and thus T^'?' < r(y). 
As a result 

'n{r(y)<p})<Q(t<Ti'^<r(y)). 
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Since the right-hand side converges to as y — )• 1, (C) is satisfied for x = 1. 

Second case x ^ 1. By analogy (C) is satisfied for x = e*'. Let x ^ {l,e*'} and y be close to x, 
then X^ and X^ move parallely until one of the two processes reaches 1 or e say at time T. Since 
P^ is Feller, the strong Markov property at time T and the established result for x G {l,e } allows 
to deduce (C) for x. D 

Consequence: By the proof of Theorem 4.2 [6], there exists a joint realization {K^, K"^) on a prob- 
ability space {(l,A,f') where K^ and K^ are two stochastic flows of kernels satisfying K^ = S^pc, 
K^ = K and such that: 

(i) Ks,t{x,y) = Klf-{x) (g) Kgj.{y) is a stochastic flow of kernels on 'ta'^, 

(ii) For all s < t,z e 'T, a.s. Klti^) = E[Kl/z)\K^]. 

To simplify notations, we will denote {K^,K'^) by {6^c,K). Recall that (i) and (ii) are also satisfied 
by the pair {5^, K"^ '*" ) constructed in Section [2.31 Now (ii) rewrites, for all s < t, z G '^, 

K,,t{z)=E%c^^^,)\K] a.s. (18) 

and using (fT7|) . we obtain, for all s < t, z £ '^, 

K^iz) = E[6pc^^^,)\a{W)] a.s. (19) 

with K^ being the Wiener solution. 

3.2.2 The law of K. 

Recall the definitions of 'if'^ and '^^ from (J13p and set for all s <t, 

C/+ = K.,t(l,^+) and U-t = K,^t{e'\'^-). 
Proposition 8. Recall the definition of ps from (3^. 

(i) There exist two probability measures m"*" and m~ on [0, 1] with mean ^ such that for all s < t, 
conditionally to {s < t < ps}, U^ ^ is independent of W and has for law m^ . Moreover, for all 



s G M,2; G ^, a.s. Mt £ [s,ps], 
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where 

Ks,t{e^) = f^s,t^cxp(i(/+ty-,)) + (1 ~ ^s,t)'^cxp(j(z-iv-,))- 

(ii) For all s < t, conditionally to {ps > t}, U^t, U~^ and W are independent. 

The proof of (i) essentially follows [7] and will be deduced after establishing the lemmas I6I7|8I9I and 
do] below. 



w 

s,t 



For all — oo < s < t < +00, define J-"^ = a{Ku,v,s < u < v < t) and recall the definition of J-, 
from dl]). When s = 0, we denote i^o,t, V38,t,-^o^t,-^o!t, t^d^t simply by Kt,^'i,F^ ,F^ ,U^ We will 
always consider the usual augmentations of these c-fields which include all P-negligible sets and are 
right-continuous. For each each z G ^, recall that 1 1 — > Kt{z) is continuous from [0, +00 [ into V{^). 
Denote by P^ the law of K.{z) which is a probability measure on C(M+,'P('^)), then since K.{z) is a 
Feller process (see Lemma 2.2 [U]) the following strong Markov property holds 

Lemma 6. Let zi,Z2 € '^ and T be a finite {Fl'^)t>Q-stopping time. On {Kx{zi) = ^22} j ^^c ^'^'^ 0/ 



Kt+-{zi) knowing F^ is given by 



Z2- 



Let 

p+ = inf{r >0:W+ = 1} and L = sup{r G [0, p+] : W+ = 0}. 

Thanks to (J19p . on the event {0 < t < p~^}, a.s. 

E[6^.^,)\a{W)] = ^{e^'^i' +e-^'^i'). 

By the continuity of 97^(1), this shows that a.s. 

VtG[0,p+], ^^(l)e{e^^*^e-^*^}. (20) 

Let h G CCrf) such that Vx G [-1,1], /i(e*^) = \x\. Using ([18]), the fact that a{W) C a{K) and the 
continuity of 1 1 — > Kt{l), we have a.s. \/g G Co(M), Vt G [0, p"*^], 

Kt{goh){l) = g{Wi'). 

Thus a.s. Vt G [Ojp"*^], Kth{\) = W^ and /o"'" can be expressed as 

p+ = inf{t > : KthiX) = I}. (21) 
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Define the a-fields: 

Tl- = (y{XL,X is a bounded Tq . — previsible process), 

Tl+ = (^{Xl^X is a bounded Tq . — progressive process). 

By Lemma 4.11 in [7], we have J-l+ = Fl~ (see also [3|). Let / : M — > M be a bounded continuous 
function and set 

Xt = i^[/(C/+)|a(l^)]l{o<t<p+}. 
By (|18p . the process U'^ is constant on the excursions of W'^ out of before p"*". 

Lemma 7. There exists an F^ -progressive version of X denoted Y that is constant on the excursions 
of W~^ out of before p^ and satisfies Yl = Yp+ a.s. 

Proof. We closely follow Lemma 4.12 [7] and correct an error at the end of the proof there. By 
induction, for all integers k and n, define the sequence of stopping times Sk,n and T^^n by the relations: 
^o,n = and for /c > 1, 

Sk,n = inf{t > rfc_i,„ : W+ = 2-"}, 
n,n = inf{t > 5fc,„ : T^+ = 0}. 

In the following C/^^ will denote Ug . For all t > 0, on {t G [Sk,n,Tf^,n[,t < p^}, we have U^ = U^^ 
as. Let Xk,n ■= -E[/(C/+„)|Ty]l{5^^<p+}. Since a{Ws^,^,u+Sk,n^'^ ^ 0) is independent of -7^^. ^, we have 
Xk,n = E[f(.Uk,n)\J^si,J^{Sk,„<p+} which is J"!^^^ measurable. Set /„ = [Jk>i[Sk,n,Tk,n[ and define 



X? 



Xk^n if i e [Sk,n, Tk,n[ (for some k) and t<p+, 

/(O) iftG/;jn[0,p+], 

ift>p+. 

Then X" is J^^-progressive. For all t > 0, set Xt = limsup„_^oo X". The process X is T^- 
progressive and for all t > 0, Xt = Xt a.s. Indeed, fix t > 0, then on {p^ > t}, choose ko and no 
such that t G [<S'fco,no,TfcQ^„(j[, then X^'^ = Xk^^no- For all n > uq, there exists an integer /„ such that 
t G [Si^^ri,Ti„,n[- Thus Xf = Xi^^^n = -'^A.-o.no sincc Sko,no and 5;„,„ belong to the same excursion 
interval of W~^ containing also t. Now set Yq = /(O) and Yt = limsup„_^QQ X^,2_ for all t > 0. Then Y 

n 

is a modification of X which is J-" -progressive and constant on the excursions of W~^ out of before 
p~^. Moreover Yl = Yp+ a.s. D 
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We take for X this .F'^-progressive version. Then Xp+ = E[f{U\)\a{W)] is J^i_|_ measurable. 

Lemma 8. E[Xp+\J^L-] = E[f{U+.)]. 

Proof. Let 5 be an J"^-stopping time and ds = mi{t > S" : W/ = 0}. We have {S < L} = {ds < p+} 
(up to some neghgible set) and so {S < L} £ -F^- Let H = ds f\ p^ and K = inf{r > : KH+rh{l) = 
l], then 

E[Xp+ls^ds<p+}\ = E[fiUH+K)'^{ds<P+,K„{l)=5^}]- 

Note that on {ds < p^}, we have H + K = p'^ a.s. Applying Lemma[6]at time H and using ([2T]) . we 
get 

^[V1k<p+}] = E[f{U^+)\E[l^ds<p+,Ku{i)=5.}\ = E[f{U+^)]nds < P+). 
Since the c-field T^^ is generated by the events {S < L} for all stopping time S (see [8] page 344), 
the lemma holds. D 

The previous lemma implies that U\ is independent of a{W) (Lemma 4.14 [7]) and the same 
holds if we replace p~^ by inf{t > : W^^ = a} where < a < I. For n such that 2~" < /, define 
inductively T^^ = and for A; > 1: 

5+„ = inf{t > r+_, „ : W^+ = 2-}, 
T+„ = inf{t > 5+„ : W-+ = 0}. 

Set V,~^„ = U^. . Then, we have the following 

Lemma 9. For all q > 1, conditionally to {S^ < p^}, y{^n^"' ' Kj|n5 ^ ^'"^ independent and 
V^^, • • • , Vl"^ have the same law (which depends on n but no longer depends on q). 

Proof. We prove the result by induction on q. For q = 1, this has been justified. Suppose the result 
holds for q — 1 and let (/,) be an approximation of e as in the proof of Lemma[3] (ii). For a fixed t > 0, 

^ q—l,n'>'' ^-^ q~l,n j—^qq \ ^q~l,n -^q — l,n ^ /^ '^~-^ q—l,n -^ J 

On {S^^ < p"^}, we have K^+ (1) = 6i and therefore, 

Wt+ , ,t+T^ , = lim f ^*+r+ , /.(I) - /.(I) -If K+T+ , fj'i^)du) (22) 

in L2(P(.|5+„ < p+)). As 2-" < /, {S+„ < p+} = {r+_i „ < p+} a.s. Choose a family {51, • • • , 5g, 5, /i} 
of bounded continuous functions on M. For any A £ A, we will use the notation Ea to denote the 
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expectation under P(-|A). Set Aq^n = {Sqn — P^}- Using ([22]) . an application of Lemma E] at time 
'^q-i n shows that 



Ea. 



"9-1 



9-1, 



' T+ , ,t+T+ , ' 

q — l.n ' ' q— l,n 



Ylm{u+)g{w^ 



.j=l 



*^^,tl,„- 



E [h{Wt)] E 



9,iU. 






Since Ag_i,„ C Ag^^i we have by the induction hypothesi 



Ea 



-q,n 



■q-l 






esis 



■y-i 



^A,_i. 



Ua^iut. 



.1=1 



Ea„ 



9^^t^TUr) 



In conclusion 



Ea„ 



g 



.1=1 



^q-l,n'''^-^q-l, 



Ea 1 

^iq — l,n 



■g-l 



n^^^(f^;. 



.i=l 



Ea. 



q — l.n q — l,n ' 



.*+7^,ti,„- 



^ 



9g{U^ 



^t 



The last identity remains satisfied if we replace g{W..rr.+ )h{Wrj.+ .,rp+ ) by a finite product 

'^ g— 1,71 g— 1,71 '"""g — 1,71 

Y\i=ig^iWf AT^ )h^iWrp+ /._LT+ )• ^^ ^ result, for all bounded continuous g : 

* g — 1,71 g— l,7i' *~'~ g — 1,71 



^A„ 



nff,(C/;+ )g{W) 



.i=l 



EAg-.l.n 



"9-1 



n5^(f^5 



.i=l 



EAq,A9{W)]E 



9,m-, ) 



^l,n 



Iterating this relation, we get 



Ea 



q,n 



\{9^{U^s^ )9{W) 



.«=1 



1=1 



9^{U 






Ea,^^ \9{W)\ . 



In particular, for all i G [1,?], 



Ea 



9^{Ut 



E 



9^{U^+ ] 



This completes the proof. 



D 



Let rrin be the law of V^^ and m^ be the law of [/{" under P(.|/0~'' > 1). Then, we have the 

Lemma 10. The sequence {m^)n>i converges weakly towards m~^ . For all t > 0, under ¥{-\p'^ > t), 
U^ and W are independent and the law of U^ is given by m"*" . 
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Proof. For each bounded continuous function / : M — > M, 

E[m,^)\W]1^0<t<,^} = Ji- E^[l{*.[5,+„,T+J}/(^^n)|W^]l{0<t<pH-} 

k 

= l{o<t<p+} lim / fdm+ 

'■ ^ ' n— > oo J 

Consequently 

The left-hand side no longer depends on t, which completes the proof. D 

We define the measure m~ by analogy. Let p~ = inf{t > : W^ = I], then for all t > 0, 
under P(-|/3~ > t), Uf and W are independent and the law of U^ is m^ . Recall the definition 
Pq = inf(p'^,/9~). Then, for all t > 0, the law of U^ (respectively Uf) knowing {po > i} is given by 
m~^ (respectively m~). 
Now take s = and fix ^; G ^. Similarly to (|20]) . we can deduce from ([T9|) that a.s. for all t £ [0, po], 

Note that (p^ is constructed such that for all x, y G ^ as. ip':{x) and (p':{y) collide whenever they meet. 
So a.s. for all t G [0,po]) 

By (jlSp . the second claim of Proposition [8] (i) holds. 

Proof of Proposition [8] (ii) We first prove the following statements: For all < s < t, we have 

(a) Conditionally to {s < po,t < ps}, C//j, C/g~^, W are independent and U^^ (resp. Uq^) has for law 
m~^ (resp. m~). 

(b) Let 

gt=sup{u£[0,t]:W^=0}. 

Then, conditionally to {g^ < s < g^ ,s < pq}, Uq^, Uq^, W are independent and the law of UQ^ 
(resp. Uq^) is m^ (resp. m~). 

(c) Conditionally to {g^ < g^,t < po}, Uq^jUqj-jW are independent. 
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(d) Conditionally to {t < po}, Uq^, Uq^, W are independent. 

(a) Note that {s < po} G -Ff , {t < ps} G T^+^ and T^^^ = Tf V J-f+^ with Tf C 
-7-"/^ , -^o+oo "^ -^(T+oo • Now (a) holds from Proposition [8] (i) and using the independence of T^ and 

(b) By (a), it suffices to show that on A = {^g'^ < s < gf, s < po} (which is a subset of {s < pQ,t < Ps}), 
a.s. C/q~j = Uq^ and Uq^ = U^^. The first equality is clear since r i — > U~ is constant on the excursions 
of W~ on [0,p] and on A, s and t belong to the same excursion of W~ . Moreover, on A, we have 
Z := c^^(l) G {e'^-^,e-'^'^} and so P(-|^) a.s. 

TsiZ) = inf{r >s:Wr- m+^ = 0} = inf{r > s : W+ = 0} < g:^ . 

Clearly ip'^^ ^j^JZ) = y^l t-s(Z)('^) ~ ^ ^^^'^ therefore c^^,^(Z) = 9?^,r(l) ^^ ^^1 ^ ^ ''"s(-Z') (using the 
coalescence property of ip'^ and the independence of increments). On A, Ts{Z) < gf <t and the flow 
property of v?*^, yields a.s. 

^?(l) = <,(y) = <,(l). 



(c) For all n > 0, let D„ = {^, fc G N} and D = UnePjlOn- Define for < u < u 



Using dUD, we get P(-|^) a.s. U^^^ = C/,+ . 

n(u,u) = inf{n G N : ]D)„n]u,t;[/ 0} and d{u,v) = inf(D„(„^^)n]u,'u[). 
Then by writing 

iar < at^ * < Po} = IJ {gi < s <gt,t< po,s = d{g:t;',g+)} 

and using that d{g^ ,g^)l, ~^ +-. is (T(M^)-measurable, we deduce (c) from (b). 

(d) By analogy with (c), conditionally to {r^^^ < g^,t < pq}, Uq^,Uq^,W are independent. Now (d) 

holds after remarking that as. {t < po} = {dT < 5**") * < Po} U {gf < g^ ,t < po} 

We have proved (ii) of Proposition [8] for s = which allows to deduce (ii) for all s using the stationarity 

of K. 

Now the proof of Proposition [8] is completed. 



Proposition 9. We have K = K"^ '"* 
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Proof. Like in Section 12.31 extending the probability space, we can construct a flow K' such that 
{K' , W) has the same law as {K^ ''" , W). By Proposition [51 for all t > s, Kgt = K'^ ^ conditionally 
to {ps > t}. For t > and n > 1, let t^ = |,z E [0,n] and define A^^i = {t^ < /)in_J G J='^__ ^^n, 
An = n"^^A„^i. Then by the independence of increments of K and K', 

Recall that P(^^) — t- as n — t- oo (see the proof of Proposition U]). Letting n — )• cx) and using the flow 
property for both K and K' , we deduce that Kqi = Kq ^. D 

Remark 1. Let (p he the coalescing flow constructed in Section\^ Then 

law c t<~,r,\ 

if = ^ . (23) 

As before this remains to show that (ps^t = '-p'st conditionally to {p^ > t}. However the situation is 



easier here and we don't need the lemmas [g |[ ^ f^|rPI and 1 1 (A For example 

vtt = lM,,(i)e^+} - lM,i{i)e^^-} 

is independent o/(T(|c^g „(1)|, s < u < ps) conditionally to {ps > t} where \ ■ \ is the distance to 1 since 
99^.(1) is a Brownian motion on '^ . Following Proposition^^ it is easy to check i23\) . In particular 
ip'^ solves (TV). 

4 Proof of Proposition [1] 

In this section, we will use the same notations as in Section [2j For r > 0, we denote Wq^ simply by 
W^. For all a G M define 

Ta = inf{r >0:Wr = a} 

and for all b > 0, define 

p^ = inf{r >0:W^ = b}. 

We will further need the following 

Lemma 11. For all a> 0,b> and c < 0, we have P(Ta < p^ A Tc) > 0. 

Proof. Fix rj g]0, ^ A (— c)[ and let k > 1 such that krj > a. Now define the sequence of stopping times 
iRi)i>0 such that Rq = and for i > 0, 

Ri+i = inf{r >Ri:\Wr- Wr^ = r?}. 
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Let A = n*L]^{WR. = Wiji_i + r]}. Then on A, sup^<jj^ Wr = h] > a and for all i £ [0,k - l],u e 

W- = sup Wr-Wu= sup {Ws - Wu) <2r]<b. 

r<u Ri<s<u 

Moreover info<r<i?fc Wr > —rj > c. Since A C {Ta < p^ A Tc} and F{A) = ^, this proves the 
lemma. D 

Let a > 0. Since {Ta < Pa /\ T^a} C {Ta < p~}, we deduce that ¥{Ta < p') > 0. Obviously 
Pt < Ta- Since W '= -W, we have P(p+ < p^) = P(p~ < p+) = i. Remark also that 

p+ Ap- = inf{r > : W+ + W,7 = a}. 

This shows that on {p+ < p~}, we have W^ = and similarly on {p^ < p+}, we have W~t = 0. 

Pa Pa 

4.1 The case / = vr 

The case / = vr is the easier one. 

Lemma 12. With probability 1, for all zG'ifjWe have 



V'o,p+(^) = -l' ^no+ (^)=^ 



o,pz 
and 



■ 1 



Proo/. The proof is obvious since (c(5o+(l),ir'^+'™ (1)) = (-1, 5__i) and (c^Oq -(-1), K™ J™ (-1)) = 
(l,<5i). □ 

To prove Proposition [H consider the sequences of stopping times given by ^i = p^ and for A: > 1, 

Tk = mi{u>Sk:Ws^^^ = Tr}, 
Sk+i = mf{u>Tk:W+^^ = 7r}. 

Then Lemma [T2] implies that {Sk)k>i (resp. {Tk)k>i) satisfies (1) (resp. (2)) of Proposition [TJ 
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4.2 The case / ^ tx 

We fix (5 > such that Q<1 — 5<1 + 5<t\'. For any (Jq; )-finite stopping time S and a G M define 

Ts^a = inf{r > 5 : Ws,r = a} 

and 

Pis = inf{r > S : W^^ = 5}. 

Let 

Note that 

^s = {v^s.-le"*') reaches e*' before 1 and before that 9?s,.(e*') arrives in e*^'+^^ or e*^'"''^}. 

Define the sequence {(Tk)k>o of (-Fg^)i>o-stopping times by cjo = and for k > 0,ak+i = Tp^ ,2{-k-1) 
(note that 2(7r — /) = arg(e~*') — arg(e''')). Then set, for A; > 0, 

Note that the events {W^^p^ = I] and Ap^ are independent. The following proposition describes 
what happens on Ck- 

Proposition 10. With probability 1, for all k >0, on Ck, we have for all z & 'rf, 

(i) arg((^^,,p^Jz)) G [1,2tt-1]. 

(ii) //arg(z) G [/,27r - /], then (Pp^^,ak+iiz) = e'^ 

(iii) fak,ak+iiz) = e'K 

M Vo,<7fe+i (z) = e*' and -fiT^^J^ (z) = 5^^i . 

Proof. We take k = (the proof is similar for all k). Denote po simply by p and p^ by p". 

(i) Fix z G"^. If tq{z) < p, then ipo,piz) G {99o,p(l)> V'o,p(e*0}- O^i Cq, we have M^+ = / and so W' = 

(see the lines after Lemma [TT]l . Consequently (^o,p(e*') = e*' and ipo^p{l) G {e*',e~*'}. 

Suppose p < To(z), then necessarily arg(z) g]/, 27r[ and using that Wp = I + inf Wu, we have 

0<u<p 

ipo,piz) = exp(i(arg(z) - Wp)) = exp(i(arg(2;) - / - inf Wu)). 

0<u<p 
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Since p < tq{z), we have arg(2:) — inf Wu < 2-k and therefore arg((^op(-2)) < 2tt — I. It is also clear 

0<u<p ' 

that arg(y3o,p(^)) ^ ^ which proves the first statement. 

(ii) Let z (z '^ with arg(2;) G [/,27r — /]. Then ipp^.{e ) arrives to e before 1 and this happens at 

time o"i. Thus ipp,-{z) reaches e*' before ai. Let n be the greatest integer such that Pp(= p""^^) < o"i. 

Then (^p^ct^(2;) = c^pn+io.^(Z) where Z = ipp^pn+i{z). Clearly Tpn+i{Z) = Tp{z) < ai. Therefore 

ipp,a^{z) = (ppn+i^^^{e^^). But -Wp^u + 2(7r - /) > W~^ for all u G [p,cri] and so Wp^^^ = 0. As 

p"+i > />, we get W-+,^^^ = 0. That is y^p,aA^) = e'K 

(iii) and (iv) are immediate from the flow property (Corollary [2|) and (i), (ii). The result for K"^ '"* 

can be proved by following the same steps with minor modifications. D 

Since for all k > 0, ak is an (J"Q^)(>o-stopping time, the sequence {Ck)k>o is independent. We also 
have P(Cfc) = P(Co) = P(^o) x ^iW+ = I) for all k > 0. By Lemma dH Efc>olP(Cfc) = oo and the 
Borel-Cantelli lemma yields P(limCfc) = 1. We deduce that with probability 1, 

¥'o,o-fc(^) = e* and K^^ '*" ('^) = 6^ii for infintely many k. 

Lemma 13. Let {kn)n>o be the sequence of random integers defined by kQ{uj) = and for n > 0, 

kn+iiuj) = mf{k > kn{uj) : u; G C^}. 

Set a'^ = (Tfc^, n > 1. Then ((T^)n>i is a sequence of {F^^)t>Q- stopping times such that a.s. lim„_j.oo <y'n = 
+00, V9o,(tJj('^) = e*' and K^^,'"^ {^) = 5^a for all n > 1. 

Proof. Remark that C^ G J'^, . for all A; > 0. For all n > 1 and t > 0, we have 

{o-fc„ <t} = Ufe>i{crfc <t,kn = k}. 



It remains to prove that {A;„ = A;} G J-^ . We will prove this by induction on n. For n = 1, this 
clear since {ki = 1} = Ci and for k > 2, 

{ki = k} = C'^n---n c^„i n Ck. 

Suppose the result holds for n. Then for all k > 2, 

{kn+i = k} = Ui<i<fc_i {{kn = i}n Cf+^ n • • • C7^_i n Ck) 

and the desired result holds for n + 1 using the induction hypothesis. 



IS 



D 

We have proved Part (1) of Proposition [1] (for both f and K"^ '"* ). Part (2) can be deduced by 
analogy. 
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5 The support of i^"^ "^ (Proof of Proposition [2]) 

In this section pg &iid K"^ '*" will be denoted simply by p and K. 

5.1 The case I = n 

When 771^ and m" are both different from 2('^o + ^i), a precise description of supp(Ero,t(l)) can be 
given as follows. Recall the definitions of the sequences {Sk)k>i and {Tk)k>i from Section [4.11 and set 
To = 0. Then for all A; G N, t G [T^, Sk+i], 

supp(i^o,t(l)) = {e'^^^-%e-*^^.-*} 



and for all A; > l,t G [Sk,Ti^], 



supp(i^o,t(l)) = {e^(^+^«"..*\e'('^-'^^"..*)}. 



In fact, for all s < i, 

supp(i^.,i(l)) = {e^^^-%e-^^^-'}, 

with Xg^t being the unique reflecting Brownian motion on [0, vr] (see [1]) solution of 

X,,t = Ws,t + Ll,-Ll„ t>s, 

and 

1 '•* 



If m"'" = ?n~ = 6i, then K is a Wiener flow such that Kg i(l) = ^(6 ix^ t + ^ -»-fs t) for all s < t. 

5.2 The case / ^ vr 

Prom the definition of K, K k f{z) is carried by at most two points for all A; > 0, t G [p^,p^'^^] and 
z G 'if . Using the flow property and the fact that limfc_^oo p^ = oo a.s., it is therefore clear that a.s. 

Vt > 0, z G '^, Card supp KQ^t{z) < oo. 

We assume in this section that m^ and m" are both distinct from 2(150 + ^i) (for the other case, see 
Remark [2] below) . 
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Fix a decreasing positive sequence {ak)k>i such that ai < inf (/, 2(7r— /)). Now define Ai = { WJ' i = 1} 

u,p 

and for A; > 1, 

A2k = {W~2k^i^^2k =1, a2k < sup Wp2k-i^i,< a2k-i} 

p2k~l <^<l^<^p2k 
= {W~2t:^i^ ^2k =1,-1 + a2k < Wp2k-l^p2k < -1 + a2k-i}, 

A2k+i = {Wtk „2fc+i = I: -ot2k < inf Wp2ku < -a2k+i} 

= {Wp2k^p2k+1 =h I - Oi2k < Wp2k^p2k+1 < I - a2k+i}- 

We are going to prove the following 

Proposition 11. Let Cq = Q and Cn = n^^j^Aj for all n> 1. Then for all n > 0, 

(i) P(C7„) > 0, 

(ii) Card supp{KQpn{l)) = n + 1 a.s. on Cn- 

Moreover a.s. for all k >0, 

(ill) On C2k, 

supp {KQ^p2k{l)) = {i^2fc^ 1 < i < 2A: + 1}, 

with aig{Pf^) < aTg{Pf!^^) for all i G [l,2k\, 

p2fc = 1^ p2k ^ ^2il ^^^ p2k^^ ^ ^i{~l-W^2k-.„2k)_ 

(Note that aig{P^^j^-^) < 27r - a2k-) 

(ii2) On C2k+i, we have 

supp (i^o,p2fe+i(l)) = {Pi^^^. l<i<2k + 2}, 
with arg(i^2'=+i) < arg(i^2fc+^) for all i G [1, 2k + 1], 

Pf+i = e^ pf+i = e^(2^-^p2.„2.+i) ^^^ Pl^Xl = e 

(Note that arg(P|*=+^) > / + a2fc+i J 
To prove this proposition, let first establish the following 
Lemma 14. Fix < a < (5 < I and define 

E = {Wp =l,a< sup Wu < 13} 

0<u<p 

where p = inf{r > : sup(W+, W') = I}. Then F{E) > 0. 
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_ ii 

2k+2 



Proof. Recall the definition of T^ from the begining of Section HI Consider the event 

F = {Ta < Tfi^i < Tjs} n {after Ti^-i, W reaches a — I before (3 — I + a}. 

Using the Markov property at time T^-j, we have ¥{F) > 0. Note that p can be expressed as 

p = mf{t > : sup TK - inf Wu = l}- 
0<u<t 0<u<t 

On F, we have T^-^ < p < T^^i and so q < sup Wu < /?• Moreover, on F 

0<u<p 



Wt = Wp- inf W„ < /3 - / + a - (a - n < /. 

0<«<i 

In other words W~ = I which proves the inclusion F C E and allows to deduce the lemma. D 

Proof of Proposition 1111 (i) The sequence (Aj)j>i is independent and therefore we only need to 
check that P(A„) > for all n > 1. But this is immediate from Lemma [H] for n even. By replacing 
W with —W, it is also immediate for n odd. 

(ii) We denote the properties (iil) and (ii2) respectively by T'2k and V2k+i- Let prove all the ('Pi)j>o 
by induction. First Vo and Vi are clearly satisfied since -ftro,o(l) = ^i and supp KQpi{l) = {e*',e~*'} 
on Ci. Suppose that all the Vi hold for all < i < 2A; — 1 where fc > 1. On C2fc, K 2k-i i(e~ ) ^ 6i 
for all t G [p^^^^,p^'^] since for all t G]p^^^^,/9^'^'], we have 

-Wp2k-i^t < W-,,_,^^ < I. 

Moreover, on C2fc, we have 

inf (21 — Wr,2k-2 „2fc-l — W„2k-1 t) ^ I — W„2k~2 „2fe-l — W„2k~l „2k > I. 

p2fe-i<j<p2fe^ y 'f^ p ''■' f tP fj tP 

Thus 

T^ /■ -r,2k~l\ i(2l—W 2k-2 2A--1 -M^ 2*--i J / il 

K p2k-i i{P2 ) = e ^ p -p p •^' 7^ e 

for ah t £ [p'^'^^^ , p'^'^] so that V2k holds. Similarly, on C2k+i, Kp2k.{^^^^) cannot reach S^a before p^^^^ 
since for all t £\p'^^ , p^^^'^], 



Wp2k^^ < W^,,^^ < I. 



Moreover, on C2k+i, 



sup {2ir — I — Wp2k-ip2k — Wp2k^u) = 2tt — (Wp2k~i^p2k + Wp2k^p2k+i) < 2tt. 
Thus, on C2k+i, -f^p2fc t(P2^fc+i) / ^1 for all t G [p'^'^ , p'^''+^] and P2fc+i easily holds. 
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Remark 2. When m~^ / m ,m = ^{Sq + 5i) , by considering 

E2i^i = ^2i-i and E2i = A^i n {K p2i^i p2i{e''^) = 5i} for i > 1, 

and then Fn = ni<j<„ii^j, we similarly show that supp{KQt{l)) may be sufficiently large with positive 
probability. 

Acknowledgement. The first author is grateful to Yves Le Jan who suggested to him this 
problem as a part of his Ph.D. 
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